We theoretically investigate the quantum noise properties of the pulse pumped high gain fiber optical parametric amplifiers (FOPA) by using the Bogoliubov transformation in multi-frequency modes to describe the evolution of the non-degenerate signal and idler twin beams. The results
than the shot-noise limit (SNL). In that experiment, the gain of FWM is less than 3 and the observed intensity difference noise of twin beams is only about 1.1 dB (2.6 dB after correction for losses) lower than the SNL. Recently, using the FOPA with photon number gain of about 16 dB, our group demonstrated the twin beams with the intensity-difference noise below the SNL by 3.1 dB (10.4 dB after correction for losses) [20] . The results indicate that compared with its χ (2) crystal counterparts [7, 21, 22] , the pulse pumped high gain FOPA is a simple and promising system for generating the CV nonclassical light, which has the potential applications in realizing the quantum communication protocols and in performing the high precision measurement.
There have been a few theoretical papers analyzing the generation of pulsed CV nonclassical light via the high gain χ (2) crystals based OPAs [23, 24] . For the pulse pumped high gain FOPAs, however, the investigation is mostly within the domain of classical characteristics [2, 3] and the quantum theory has not been worked out yet. This is different from the case of continuous wave (CW) or quasi-CW pumped high gain FOPAs [2, 10, 11] . In order to understand the high gain FOPA for further reducing the intensity difference noise of pulsed twin beams, we focus on developing a multi-mode quantum theory in this paper.
The rest of the paper is organized as follows. After briefly introducing the quantum description of a single-mode FOPA in Sec. II, we deduce a multi-mode quantum theory of a pulse pumped non-degenerate FOPA in Sec. III. The evolution of non-degenerate signal and idler beams is described by the Bogoliubov transformation in a multi-frequency mode form. According to the Hamiltonian of FWM in fibers, we derive the four transformation functions of the Bogoliubov transformation in the analytical form of infinite series. The calculation shows that the noise performance of the high gain FOPA highly depends on the joint spectral function (JSF). In Sec. IV, we show that the FOPA with factorized JSF can be described by a quantum model of single-mode FOPA, which is similar to the model given in Sec. II, because both signal and idler beams can be in single temporal mode, respectively.
The results illustrate the validity of the multi-mode theory. In Sec. V, we focus on analyzing the FOPA with a very broad gain bandwidth. In this situation, the JSF is non-factorable.
The calculated results show that although the pulse pumped high gain FOPA generally has a noise figure greater than the 3 dB quantum limit, the intensity difference noise of the twin beams, weakly depends on the JSF, can be significantly reduced to lower than the SNL. To closely resemble the real experimental situation, the dependence of the intensity difference noise of twin beams is numerically studied by considering the influences of experimental imperfections, including the quantum efficiencies of detectors, the collection efficiency of twin beams, and the excess noise of input signal. Finally, we conclude in Sec. VI.
II. QUANTUM DESCRIPTION OF A SINGLE MODE FOPA
We start with the quantum description of single-mode linear FOPAs, whose pumps are single frequency lasers with negligible depletions. In this section, we will introduce the Bogoliubov transformation in the single frequency mode form and the analytical expressions of key parameters of the FOPA, including the photon number gain, the noise figure, and the intensity difference noise of the twin beams. is referred to as the FOPA hereinafter for brevity. When the wavelengths of the pump are properly set, the phase matching of FWM in fiber is satisfied. In the FWM process, two pump photons at frequencies ω p1 and ω p2 are simultaneously scattered into a pair of signal and idler photons at frequencies ω s and ω i via the χ (3) nonlinearity, and the energy conservation relation ω p1 + ω p2 = ω s + ω i is satisfied. Since each generated signal photon is always accompanied by the birth of an idler photon, the two form correlated twin beams. A weak input is injected into the FOPA from either the signal or the idler field. For convenience, we refer the field with weak injection as the signal, while the other with vacuum input as idler. When the weak signal is amplified by the strong pump field via the FWM process, an idler beam is generated, and the frequency overlap between the amplified signal and generated idler fields is negligible for the non-degenerate FOPA.
When the FOPA is pumped with a single frequency CW laser, as illustrated in Fig. 1(b) , the two pump photons have the same frequency mode (ω p1 = ω p2 = ω p ), a pair of signal and idler photons in the frequency modes ω s and ω i are uniquely defined. In this case, the input-output relation of the single mode FOPA is given by the well-known Bogoliubov transformation:b
where a and b refer the input and output modes, the subscript s, i respectively denote the signal and idler fields, the coefficients µ and ν are determined by the parametric gain of D1 and D2, detectors; A s and A i , radio frequency amplifiers; DDS, differential detection system. A single frequency signal mode (dotted arrow) will be correlated to many idler frequency modes (enveloping curve in gray), and vice versa. Since the pump is in multi-frequency modes, the pulsed signal and idler beams are also in multi-frequency modes (enveloping curves in black).
FWM and satisfy the relation |µ| 2 − |ν| 2 = 1. For input signal in a coherent state |α (s) s with photon number much greater than 1, i.e.,
it is straightforward to deduce the expressions of all the parameters of the FOPA by calculating the quantum average of the corresponding operators over the state |Ψ (s) = |α (s) s |0 i , where |0 i denotes the vacuum input of the idler field and the superscript (s) denotes the single frequency mode case.
The amplified signal (generated idler) beam is then measured by the detector D1 (2) after passing through the filter F s(i) to reject the strong pump ( Fig. 1(a) ). The average photon number I s(i) and the photon number fluctuation ∆I 2 s(i) of the signal (idler) fields are converted to the DC and AC currents of D1 and D2, respectively. For identical D1 and D2, when the efficiencies of the detector D1(2) and filter F s(i) are ideal, the average photon numbers of the amplified signal and generated idler beams can be written as
whereb † s,(i)b s,(i) is the photon number operator of signal (idler) beam. In our theoretical model, we assume the condition |α| 2 ≫ 1 is always satisfied, so the contribution of spontaneous terms |ν| 2 in the right hand side of Eqs. (3a) and (3b) are negligible. According to the definition of the photon number gain-the ratio between the average photon numbers of amplified signal and input signal
we have g (s) = |µ| 2 . Moreover, according to the definition of the intensity noise of the amplified signal and generated idler fields, we have
After using the SNL of signal (idler) beam ∆I 2
indicating the normalized intensity noise of the amplified signal beam R (s) s is equal to that of the generated idler beam R (s) i . Notice that they are both above the SNL because of amplification.
As for the noise figure (NF) of the FOPA, according to the definition [10] 
with
and
respectively denoting the signal to noise ratio of the input and amplified signal beams, the NF of the single mode FOPA is given by
which shows that the parametric amplification process adds the excess noise to the amplified signal beam and the 3 dB quantum limit of NF can be achieved in the high gain limit.
In the ideal case, the photocurrents of D1 and D2 are highly correlated and can be subtracted from each other to yield quantum-noise reduction, i.e., ∆(Îs−Î i ) 2 ∆I 2 cs +∆I 2 ci < 1. In practice, the measured noise reduction is very sensitive to the collection efficiency of twin beams and the response function of differential detection system (DDS), consisting of D1 and D2 followed by the radio frequency (RF) amplifiers A s and A i , and the subtractor (see Fig.   1 (a)). For brevity, we assume throughout this paper that the transmission efficiencies of the filters F s and F i at their central wavelengths are perfect. In this situation, the collection efficiencies of the signal and idler beams at the single frequency ω s and ω i are perfect, so we only need to analyze the influence of DDS with non-ideal response.
The response function of the DDS is described by Q 1 (Ω) and Q 2 (Ω), which are determined by the quantum efficiencies and electrical circuit of D1 and D2, respectively. Here Ω denotes the radio frequency. The DC response of the DDS, Q 1(2) (0), is associated with the quantum efficiency through the relation Q 1(2) (0) = eη s(i) ω , where e is the electron charge, η s(i) is the quantum efficiency of D1 (D2) , and is the reduced Planck constant; while the AC response, Q 1(2) (Ω) (Ω = 0), is not only determined by the response of D1 (D2) D 1(2) (Ω), but also determined by that of the RF amplifier A s(i) (Ω). For convenience, the ratio r between the AC response Q 1 (Ω) and Q 2 (Ω), defined as
which can be adjusted by changing the electronic gain of the amplifier A s or A i .
In practice, the quantum efficiencies of D1 and D2 are not perfect, i.e., η s < 1 and η i < 1.
Modeling the non-ideal detectors as the beam splitters, which couple the vacuum modev s andv i to the signal and idler fields, the field operator incident on D1 and D2 are given bŷ
In this situation, the measured photon numbers of the amplified signal and idler beams in Eq.
(3) are rewritten as
and the intensity noise of individual signal and idler beams in Eq. (5) is rewritten as
For the operator of the measured intensity difference of the twin beamŝ
the normalized intensity difference noise of the twin beams is expressed as
where ∆(I 
To illustrate the factors influencing the value of R Eq. (17) shows that for the given values of η s , η i and g (s) , R ′(s) t can be minimized when the ratio r takes the optimized value
We then plot R We note that it is impossible to obtain the ideal noise reduction R 
while for the case of r = 1, Eq. (17) is rewritten as
Both Eqs. (19) and (20) show the intensity difference noise of twin beams is always less than the SNL (1 or 0 dB), however, the condition R ′(s) t > 0 is always satisfied. Moreover, a comparison between Eqs. (19) and (20) indicates that in the high gain limit, the noise reduction can be improved up to 3 dB by optimizing the ratio r.
III. QUANTUM DESCRIPTION OF A PULSE PUMPED FOPA
When the FOPA is pumped by a strong pulsed field having multiple frequency components, such as a mode-locked laser with a pulse width of a few pico-seconds, a single frequency signal mode is correlated to many idler frequency modes, and vice versa (see the dotted arrow and the corresponding enveloping curve in Fig.1 (c) ). In this situation, both amplified signal and generated idler beams are pulsed fields with broad bandwidth, as illustrated by the spectrally broadened curves in Fig. 1(c An optical field propagating along the fiber (denoted as the z direction) can be quantized by using one dimensional approximation if the polarization mode is well defined. Therefore, the pulsed field operator in optical fiber is written as [25] 
where the positive frequency field operatorÊ (+) (t) and negative frequency operatorÊ (−) (t)
Here the annihilation operator at frequency ω,â(ω), satisfies the commutation relation
Note that t ′ ≡ t − kz/ω, so the distance in propagation is equivalent to a delay in time.
For the pulse pumped FOPA, the strong pump pulses remain classical, but the signal and idler fields are quantized. Extending Bogoliubov transformation in Eq.
(1) to the multi-frequency domain and using Eq. (22), we write the input-output relation as [23] :
where the unitary evolution operatorÛ is determined by the Hamiltonian of the FOPA(see later for the explicit form), the footnotes S, I denote the frequency ranges of the signal and idler fields, and the four Green functions h nj (ω, ω ′ ) (n = 1, 2 j = s, i) are referred to as the transformation functions. To ensure the satisfaction of the commutation relations of the
, the transformation functions should be constrained by the relations:
The weak input signal pulses, synchronized with the pump pulses, is ideally in a multimode coherent state
where α is the complex amplitude, and the frequency distribution function s(ω s ) satisfies the normalization condition ∞ 0 |s(ω s )| 2 dω s = 1 so that the photon number of the input signal is I in = |α| 2 , which is the same as Eq. (2). In general, the bandwidth of the input signal is much smaller than that of the central frequency. So the quasi-monochromatic approximation applies, and the frequency integral range from 0 to ∞ can be treated as from −∞ to ∞.
For the sake of brevity, all the integral ranges from −∞ to ∞ will be omitted hereinafter.
In contrast to the single mode FOPA, wherein the filters F s and F i with ideal transmission efficiency at the central frequencies result in perfect collection efficiency of twin beams, the collection efficiency of the broad band multi-mode twin beams is associated with the spectra of F s and F i . In this case, the field operators incident on the detectors D1 and D2 are given byĉ
where the complex function f j (ω j ) (j = s, i) describes the spectrum of the filter F j . Eq. Similar to the single mode FOPA, the key parameters of the pulse pumped FOPA can be obtained by calculating the quantum average of the corresponding operators over the state |Ψ = |α s |0 i . In the next subsection, we will derive the analytical forms of h nj (ω, ω ′ ) (n = 1, 2 j = s, i), which are the key for deriving the formulas of the operators of twin beams (see Eq. (23)).
B. Derivation of the transformation function
The unitary operator in Eq. (23) is determined by the Hamiltonian of parametric process.
So let's begin with the Hamiltonian of the co-polarized pulse pumped FWM in single-mode optical fibers [26, 27] 
where C 1 is a constant determined by experimental details and the units of quantized optical fields, χ (3) is the 3rd-order real nonlinearity, E p1 and E p2 are the classical pump fields,
are the quantized negative-frequency field operator of the signal and idler beams, respectively. The Gaussian shaped strong pump pulses propagating along the fiber can be written as [27, 28] 
where σ p , ω p0 and k p are the bandwidth, central frequency, and wave vector of the pump, respectively, and E 0 is related to the peak power through the relation P p = 2πσ 2 p E 2 0 . The nonlinear coefficient γ is expressed as γ = 3ω p0 χ (3) 8cA ef f , where A ef f denotes the effective mode area and c is the speed of light in vacuum. After substituting Eqs. (28) and (29) 
where ∆k = k s + k i − 2k p + 2γP p is the phase mismatching term, and the term 2γP p is originated from the self-phase modulation of pump.
To obtain the formula of the unitary evolution operatorÛ = exp { Ĥ (t)dt i }, we need to carry out the integration over the time and over all the possible combinations of ω p1 and ω p2 within the pump bandwidth. Since the time integral gives rise to the δ function in
where the so called two-photon joint spectral function (JSF) of FWM has the form of [29] ψ
which is determined by the pump envelop function exp
and phase matching function sinc( ∆kL 2 ), and is referred to as the probability amplitude of simultaneously finding a pair of signal and idler photons within the frequency range of ω ′
in Eq. (31) determines the gain of FWM, and the coefficient C in Eq. (32) is a constant used to ensure the satisfaction of
According to Eq. (32), the JSF is generally asymmetry since ∆k is frequency dependent. Therefore, ψ(ω 1 , ω 2 ) = ψ(ω 2 , ω 1 ) is generally not satisfied.
To obtain the formula of the transformation functions, we rewrite the input-output relation by substituting Eqs. (31) into Eqs.(23) and using Baker-Hausdorff lemma:
where the operatorB is expressed aŝ
Then the transformation functions can be written in the form of an infinite series
Eq. (35) clearly shows that the transformation functions satisfy the relations
indicating that there is a correlation between the signal and idler beams.
It is worth noting that Bogoliubov transformation in multi-frequency modes (Eq (23)) with the transformation function shown in Eq. (35) is also suitable for describing the single mode FOPA. For example, if the JSF in Eq. (32) takes the limit of a single frequency laser
with ω s0 and ω i0 denoting the single frequencies of the signal and idler beams, the input-output relation of Eq (23) For the measurements of the signal and idler fields, in addition to taking the quantum efficiencies, η s and η i , and the spectrum of filter F s(i) into account, we need to consider the response times of the detectors D1 and D2 as well. When the response time of each detector is much longer than the pump pulse duration, but is much shorter than the period of two adjacent pump pulses, the average photon number of the amplified signal (generated idler) beam per pulse can be expressed as
whereÎ
is the photon number operator of the pulsed field. The time integral ranges in Eqs. (37) and (39) are omitted, because they can be treated as from −∞ to ∞.
With the filter operator incident on D1 and D2 (Eq. (26)), we substitute Eqs. (23), (25), (39) into Eq. (37), and obtain the expressions of the detected photon number
where
are the power spectra of the signal and idler beams. The first terms in the right hand side of Eqs. (40a) and (40b) are originated from the stimulated emission of input signal, while the second terms are from the spontaneous emission. Since we have assumed that the photon number of the weak input signal per pulse is much greater than 1, the spontaneous emission terms are negligible.
Using Eq. (40a) and the definition of photon number gain in Eq. (4), we find the expression of the photon number gain of the pulse pumped FOPA is
for the case of η s = 1 and |f s (ω s )| = 1.
To compute the intensity noise of the amplified signal (generated idler) beam
we substitute Eqs. (23), (25) , (26) and (37) 
Accordingly, the normalized intensity noise of signal (idler) beam is (9). According to the definition in Eq. (7), we obtain the formula of noise
Eqs. (44)-(47) indicate that the intensity noises of the individual beams ∆I 2 j are not only related to detection efficiencies, η s and η i , but also to the spectral functions of filters, f s (ω s ) and f i (ω i ). When η s and η i are very low, i.e., η j ≪ 1 (j = s, i), the intensity fluctuation ∆I 2 s(i) in Eq. (44) is dominated by the term H vj (j = s, i), while the contribution of the term H jk (k = 1, 2 j = s, i) is negligible. On the other hand, when the bandwidth of the filters F s and F i are much narrower than that of input signal, ∆I 2 s(i) is also dominated by the term H vj (j = s, i). Since the non-ideal detector induces the vacuum noise to the individual signal or idler field, the former is easy to understand. However, the understanding of the latter is not so straightforward. We think this is because, when the signal and idler beams are in multi-frequency mode, the filter F s (F i ) with bandwidth narrower than that of the amplified signal (generated idler) beam can also be viewed as a loss, which introduce vacuum noise to the signal (idler) beam as well. Hence, the term H vj (j = s, i) in Eqs. (46a) and (46b) is originated from the loss induced vacuum. If the detection and collection efficiencies of the signal and idler beam are ideal, we would have H vj = 0 (j = s, i).
Finally, we derive the expression of the intensity difference noise of the twin beams by using the definition
where the operatorÎ t =Î s − rÎ i is the photon number difference with a weight factor of AC response ratio r. Using Eqs. (23), (26) , (37)-(39) and (43), Eq. (49) is transformed into
are positive terms originated from the quantum correlation between signal and idler twin beams. It is obvious that ∆I 2 t is less than the sum of intensity noise of individual beams Î sÎs + r 2 Î iÎi due to the correlation of twin beams. Consequently, similar to Eq. (16), the general expression of the normalized intensity difference noise for pulsed twin beams
is obtained by substituting Eqs. (44) and (51)-(52) into Eq. (50). In addition, R t can be further minimized if the AC response ratio r takes the optimized value In the following sections, we will focus on studying the noise characteristics of the pulse pumped FOPAs with two typical kinds of JSF.
IV.
PULSE PUMPED FOPA WITH SPECTRALLY FACTORABLE JSF:
We first study the FOPA with a spectrally factorable JSF. Under this condition, both the signal and idler modes are in single temporal mode, so we expect to recover the results for single mode FOPA in Sec. II. For the sake of brevity, in this section, we assume the quantum efficiencies of D1 and D2 are perfect, and the collection efficiency of the twin beams is ideal.
A factorable JSF, obtained by properly regulating the pump pulses and tailoring the dispersion of optical fibers, is written as [29] 
where φ s (ω ′ s ) and ϕ i (ω ′ i ) with the normalization condition of |φ s (ω ′ s )| 2 dω ′ s = 1 and |ϕ i (ω ′ i )| 2 dω ′ i = 1 are the probability amplitude of finding a pairs of signal and idler photons within the frequency range of ω ′ 
Note that in this section, we will use the superscript (f ) to represent the result of an FOPA with the factorable JSF.
With the JSF in Eq. (55), the average photon numbers of the amplified signal and generated idler beams per pulse in Eq.(40) are simplified to
where the coefficient F = s(ω s )φ * s (ω s )dω s is determined by the matching between the spectra of signal injection s(ω) (see Eq. (25) ) and that of the gain in signal band φ * s (ω).
Therefore, we obtain the photon number gain of the FOPA 
Consequently, the normalized intensity noise of individual signal and idler beams are
and An marked difference between the FOPAs described by single temporal mode and single frequency mode is the spectra of signal and idler beams. The spectra of the amplified signal and generated idler beams obtained by substituting Eq. (56) into Eq.(41) are written as
respectively. From Eq. (67), one sees that the spectrum of generated idler is always the same as the spectrum of the gain in idler field, however, different from the FOPA pumped with a single frequency laser, the spectra of the injected signal and amplified signal beams are different unless the condition F = 1 is fulfilled.
To further understand the difference between the FOPAs described by single temporal mode and single frequency mode, we then compare the noise performance of the two cases.
We find that for a given value of G (or g), the noise figure and the intensity difference noise of the twin beams in Eqs. (65) and (66) are worse than that predicted by Eqs (10) and (20) unless F = 1. In practice, it is very difficult to maintain the spectral matching condition φ s (ω s ) = s(ω s ) in the high gain regime due to the self-phase modulation and cross-phase modulation induced spectral broadening [30] . Hence, it is very challenging to experimentally realize a pulse pumped FOPA capable of being described by a single mode theory.
V. PULSE PUMPED FOPA WITH SPECTRALLY NON-FACTORABLE JSF:
For the conventional optical communication systems, an FOPA with an extremely broad gain bandwidth is desirable. When the gain bandwidth of the FOPA is much broader than the bandwidths of the pump and input signal, the JSF can be simplified by assuming the perfect phase matching condition ∆k = 0. In this case, the JSF in Eq. (32) is rewritten as [28] 
which is obviously non-factorable. In this section, we focus on numerical investigation of the quantum noise performance of this kind of FOPA.
With the JSF in Eq. (68), the transformation functions in Eq.(35) are reformulated as
where G ′ = CG , and the superscript (b) represents the result for the FOPA with broad gain bandwidth. For the sake of convenience, the frequency variables ω s(i) and ω ′ s(i) used in previous sections will be replaced with ω and ω ′ hereinafter.
A. Key parameters of the FOPA in the ideal conditions
We first study the factors influencing the key parameters of the FOPA by assuming the detectors are perfect, and collection efficiency of the twin beams is ideal, i.e., η s = η i = 1 and |f s (ω)| = |f i (ω)| = 1. Without loss of the generality, we assume the spectral function of the pulsed input signal can be described by the Gaussian function
where σ denotes the bandwidth. From Eqs. (69) and (70), we can rewrite the power spectra of the amplified signal and generated idler beams in Eq. (41) as
For all the terms of the infinite series in Eqs. (71a) and (71b), whose order corresponds to n 1 = 0 or n 2 = 0, their bandwidths are larger than that of the input power spectrum |s(ω s )| 2 . Moreover, since the bandwidth of the term in infinite series increases with the order determined by the integers n 1 and n 2 , the bandwidths of both signal and idler twin beams increase with G ′ .
Using Eq. (71), the average photon numbers of amplified signal field and generated idler beams in Eq. (40) can be rewritten as
where p = σ p /σ describes the ratio of the pump bandwidth to the input signal bandwidth. Fig. 3(a) . It is obvious that the bandwidths of both signal and idler twin beams are broader than that of the input signal and they increase with G ′ , showing the spectrum broadening effect. Moreover, in the low gain regime, the spectrum of amplified signal is mainly determined by the input signal, so the bandwidth of generated idler beam, which is the convolution of the spectra of the input signal and pump, is greater than that of the signal beam. However, in the high gain regime, the bandwidths of signal and idler twin beams are about equal because both the spectra of signal and idler beams are the convolution of the spectra of pump and its counterparts. power for the different ratio p = σ p /σ. In the calculation, G ′ ∝ P p is changed by varying the peak pump power P p . One sees that at a fixed peak power P p , g increases with the decrease of p because the overlap of temporal mode, which is required for maximizing the gain of FWM, is improved by decreasing the bandwidth of pump. When p is less than 0.1, further decreasing the ratio to p → 0 does not result in an obvious increase in g, because no more space is left for improving the temporal mode overlapping. The result in Fig. 4 implies the pump with a longer pulse duration (narrower bandwidth) gives a better mode overlapping.
However, it is worth noting that the pump with a short pulse duration helps to obtain a high gain under the condition of low average pump power, which is of practical importance. |G ′ | 2n 1 +2n 2 +2n 3 +2n 4 (2n 1 )!(2n 2 )!(2n 3 )!(2n 4 )! 1 1 + 2(n 1 + n 2 + n 3 + n 4 )p 2 (73)
|G ′ | 2n 1 +2n 2 +2n 3 +2n 4 +2 (2n 1 )!(2n 2 )!(2n 3 + 1)!(2n 4 + 1)! 1 1 + 2(n 1 + n 2 + n 3 + n 4 + 1)p 2 (74)
H vj = 0 (j = s, i).
With the above, we then numerically study the dependence of the normalized intensity noise of individual beams R j = ∆I 2 j /I j (j = s, i) upon the ratio p. Figure 5 (a) plots R s and R i versus g for the cases of p = 10, p = 1, and p → 0, respectively. From Fig. 5(a) , one sees that for a fixed value of g (p), both R s and R i increase with p (g). Moreover, for the given values of p and g, R i is greater than R s . This is different from the results of R 6)], but has been experimentally confirmed in references [9] and [20] .
We also compute the noise figure NF in Eq. (48). Figure 5 (b) plots NF versus g for p = 10, p = 1, and p → 0, respectively. One sees that for a fixed ratio p, NF increases with g in the low gain regime, and approaches a constant in the high gain regime. While for a fixed g, the value of NF increases with the ratio p. It is obvious that for the pulsed pump case with p = 0, NF in the high gain regime is always greater than the well known 3dB-limit of a single mode FOPA.
To study the factors influencing the normalized intensity difference noise of the twin beams R t in Eq. (53), we need to calculate H g for p = 0.1, p = 1 and p = 10 when r is set to (a) r = 1 and (b) r = r opt , respectively. and (70) into Eqs. (51) and (52), we find the following relation
In Figs. 6(a) and 6(b), we plot R t as a function of g for different values of p when the AC response ratio r takes the values of r = 1 and r = r opt , respectively. Fig. 6(a) shows R t is independent on p and always decreases with the increase of g; while Fig. 6(b) demonstrates that R t still decreases with the increase of g, but R t can be further decreased and depends upon the ratio p. For a fixed gain g, R t decreases with p, which is different from the case of r = 1. Moreover, when p is very small, for example, p = 0.1, the difference between the R t -values with r = 1 and r = r opt is about 3 dB in the high gain limit; when p is very big, for example, p = 10, R t -values with r = 1 and r = r opt are almost the same.
The results in Figs. 6(a) and 6(b) not only indicate the noise reduction of R t can be improved by properly reducing the ratio p, but also imply that r opt might depend upon p and r opt might be very close to 1 when the value of p is greater than 10. This is shown in Fig. 7 , in which we plot r opt as a function of g for p = 0.1, p = 1 and p = 10. In addition, we also plot the photon number ratio I and 1. For a fixed value of g, r opt decreases with the increase of p. As we expected, r opt obtained for the case of p = 10 is about 1 if g is greater than 3.
Moreover, in the high gain limit, both r opt and I
approach 1, which is irrelevant to p.
B. Influence of the detection loss and collection loss of twin beams on R t
In practice, the ideal condition η s = η i = |f s (ω)| = |f i (ω)| = 1 can never be fulfilled, the measured intensity difference noise R t is closely related to the loss of the FOPA system.
So we need to study the influence of the quantum efficiencies (η s and η i ) and collection efficiency of twin beams. In this subsection, we assume the filters placed at the output port of the FOPA (see Fig. 1 ) have a Gaussian shaped spectrum
where ω jo and σ f denote the central frequency and bandwidth of the filter F j (j = s, i), respectively.
Using the transformation functions, input signal spectrum and the spectrum of F j (j = s, i) in Eqs. (69), (70) and (78), respectively, the measured photon numbers of the amplified signal and generated idler beams in Eq. (40) are rewritten as 
Here the coefficients
ξ vac k 1 ,k 2 ,x = x · (k 1 + k 2 )p 2
are introduced to simplify the Eqs. (80)-(87).
For a fixed value of p = σ p /σ, if the bandwidth of filters F s(i) is much narrower than that of the input signal, namely, s = σ/σ f → ∞, we have ξ f k 1 ,k 2 ,k 3 ,k 4 ≫ ξ vac k 1 ,k 2 ,x . In this case, the collection efficiency of the twin beams is very low due to the multi-mode nature of the signal and idler fields [31] . Since the narrow band filters F s(i) introduce the vacuum noise into the individual signal and idler beams, for a given G ′ , the value of H ′ vj (j = s, i) in Eqs (84)-(85) approaches to I ′(b) j (j = s, i) and is dominant over the terms H ′ jl (l = 1, 2) and H ′ sil (l = 1, 2) (Eqs. (80)-(83) and (86)-(87)). Hence, the normalized intensity noise and normalized intensity difference noise approach to the SNL, i.e. R j → 1 (j = s, i) and
In general, the collection efficiency of the twin beams is not only associated with the ratio s, but also depends on the ratio p. To reduce the detrimental effect of the collection efficiency on R t , both s and p should be small enough unless the condition s → 0 or p → 0 is satisfied [31] . To illustrate this point, we plot the contour of the normalized intensity difference noise R t as a function of p and s in Fig. 8(a) . In the calculation, we assume G ′ = 3, r = 1, and the quantum efficiencies of D1 and D2 are perfect. For each combination of s and p, we compute the terms in Eqs. (79)-(87) and substitute the results into Eq. (53). Fig. 8(a) shows that R t depends on both s and p. We notice that with the increase of p, the dependence of R t upon s becomes stronger. When p is less than ∼ 1.75, at a fixed p, R t increases with s, but the noise reduction condition of R t < 1 is always achievable. However, when p is greater than ∼ 1.75, to obtain the noise reduction of R t < 1, the value of s should be smaller than a certain value, which decreases with the increase of p. In real experiment, it is necessary to use the filter F s(i) with a certain bandwidth to prevent the strong pump background from reaching the detectors D1 and D2. So, to improve the noise reduction of twin beams, the pump with a pulse duration longer than that of the input signal, i.e., p < 1, is desirable. Figure 8 (a) also shows that the contour R t = 1 divides the plot into two zones according to R t ≤ 1 or R t > 1. For the former case, there is a one-to-one correspondence between the combination of s, p, and R t ; while for the latter case, each R t maps two values of s at a fixed value of p: one is very close to 0, the other is larger. To better understand Fig. 8(a) , we also plot the contours of the sums of the positive terms and negative terms in Eq. (53) in Fig. 8(c) is stronger than that in Fig. 8(b) .
In particular, when p increases, the value of 2(H si1 + H si2 )|α| 2 /(I s + I i ) in Fig. 8(c) rapidly decreases with the increase of s, which is responsible for the multivalued mappings in the zone of R t > 1 (see Fig. 8(a) ).
To further demonstrate the dependence of the noise reduction of R t upon the photon number gain g, we plot R t as a function of g for s = 0.1, s = 1 and s = 10. In Figs. 9(a) and 9(b), we assume η s = η i = 1 and r = 1, and p is fixed at p = 0.1 and p = 1, respectively.
For each combination of s and p, we compute the terms in Eqs. (79)-(85) by changing G ′ (g) and substitute the results into Eq.(53). It is obvious that for p and s with fixed values, R t decreases with the increase of g. Moreover, at a fixed value of g and s (p), R t increases with the increase of p (s) due to the decreased collection efficiency of twin beams.
Having understood the influence of the collection efficiency of twin beams on R t , we then study the influence of the detection efficiency on R t when the values of p and s are fixed.
Without loss of generality, we assume p = 1 and s = 1. When the AC response ratio is set to r = 1, we plot R t as a function of g by varying η s and η i , as shown in Fig. 10(a) .
It is obvious that for the case of η s = η i , R t decreases with the increase of η s(i) at a fixed value of g. However, for the case of η s = η i , R t is not a monotonically decreasing function of g and η s(i) . Depending on g, the correlation of photon currents originated from the quantum correlation of the signal and idler beams might become weak or strong due to the unbalanced detection efficiencies. As shown in Fig. 10(a) , R t for the case of η s = 75% and η i = 85% is lower than that for η s = η i = 85% when g is less than 18; however, R t becomes even higher than that for η s = η i = 75% when g is greater than 30. Making comparison between Fig. 10(a) and Fig. 2(a) , which are obtained for FOPA with non-factorable JSF and with single frequency pump, respectively, we find there are two differences: (i) for g, η s and η i with certain values, R t in Fig. 10(a) is larger than that in Fig. 2(a) because the collection efficiency of the pulsed twin beams is smaller; (ii) the difference between the curve for η s = 75% and η i = 85% and that for η s = η i = 85% (η s = η i = 75%) in Fig. 10(a) is more apparent than that in Fig. 2(a) . Therefore, for the pulse pumped FOPA, the measured R t can be minimized by properly adjusting the efficiency η s or η i [20] . However, this method will introduce extra loss, and the minimized R t can only be obtained for g with a specified value.
If the ratio r is adjustable, we can minimize R t by optimizing the value of r without introducing the vacuum noise. In this case, as shown in Fig. 10(b) , for fixed values of η s and η i , R t always decreases with the increase of g; while for a fixed value of g, R t always decreases with the increase of η s and η i . Hence, for both the signal and idler channels, the higher the efficiencies are, the better the noise reduction is.
C. Influence of excess noise of input signal
Finally, we analyze the influence of the excess noise of input signal on R t , since the noise of input signal pulses originated from the mode-locked fiber lasers is often higher than the SNL [20] . When the excess noise is included, the input signal can be viewed as a mixture of coherent states, whose density operator and average photon number are written aŝ
respectively, where α ′ is a complex random variable and P (α ′ ) is the classical probability density. Consequently, the formulas of the average photon number of amplified signal and generated idler beams, I s and I i , can be obtained by replacing the term |α| 2 in Eq. (40) with I 0 .
We then calculate the quantum noise ∆I 2 s(i) in Eq. (43) and ∆I 2 t in Eq. (49) by taking the quantum average over the density operatorρ I . After some algebra, we get the normalized intensity noise of the amplified signal (generated idler) beam
and the normalized intensity difference noise of twin beams
where |α ′ | n = P (α ′ )|α ′ | n d 2 α ′ , and the inequality |α ′ | 4 −( |α ′ | 2 ) 2 > 0 holds for the input signal with excess noise. In Eqs. (92) and (93), the first terms R s(i) and R t in the right hand sides are the corresponding noise for input signal in a pure coherent state with I in = I 0 (see Eqs. (47) and (53)); while the second terms in the right hand sides are originated from the excess noise of input signal.
Equations (92) and (93) indicate that the side effect of the excess noise can be eliminated under the condition r = I s /I i , and the experiment in Ref. [20] has verified this for the case of r = 1. In the low gain regime, the value of r = I s /I i is different from r opt for minimizing R t (see Fig. 6(b) ), so the excess noise the input signal is deleterious for the noise reduction of R t . However, in the high gain limit, we have r = I s /I i → 1. In this case, eliminating the side effect of excess signal noise and minimizing R t can be achieved simultaneously. Therefore, a high gain FOPA is desirable for improving the noise reduction of twin beams.
VI. SUMMARY AND DISCUSSIONS:
In conclusion, We have developed the multi-mode quantum theory for analyzing the noise characteristics of a non-degenerate phase insensitive FOPA pumped by a pulsed laser. The calculation shows that both the noise figure and the intensity difference noise of twin beams depend on the JSF. In the high gain regime, the noise figure is generally greater than the 3dB quantum limit unless the JSF is factorable and the spectrum of the injected signal well matches the gain spectrum in signal band; while the intensity difference noise can be significantly less than the SNL. To closely resemble the experiments, the quantum noise of twin beams generated by a broadband FOPA is numerically studied by taking the real experimental conditions into account. In addition to the influences of the quantum efficiency of detectors and the excesses noise of input signal, the influence of the collection efficiency of the twin beams, determined by the ratio of the pump bandwidth to signal bandwidth p and the ratio of the signal bandwidth to filter bandwidth s, are carefully analyzed as well.
Our theoretical investigation is of practical importance, it not only serves as a guideline for optimizing the measured noise reduction of the twin beams, but also helps for understanding the quantum noise preformance of pulse pumped FOPA.
Instead of using the Bloch-Messiah reduction or Schmidt decomposition of the JSF, which has been exploited to theoretically analyze the pulsed CV nonclassical light via the high gain spontaneous parametric down conversions in Refs. [23, 24] , our transformation functions of the Bogoliubov transformation are expressed in the infinite series of the gain coefficient G.
The accuracy of our numerical simulation can be controlled by the two parameters: one is the precision of the JSF determined by the step size of the frequency range, the other is the order of the series determined by the gain of FWM. So our method has a greater flexibility.
We believe our theory can be extended to a more generalized OPA, including the degenerate OPA and the phase-sensitive OPA. Moreover, our theory can also be used to study the quantum noise of other quantities, such as the noise correlation between the quadrature amplitudes of the signal and idler beams. However, it is worth pointing out that the FOPA in our model is simplified as a linear amplifier, and we only considered the FWM process.
Therefore, our calculation only quantitatively explains the results obtained under the condition of negligible pump depletion [20] . To model the FOPA system more accurately, other effects like Raman effect, higher-order FWM and gain saturation effect should be included as well [20] .
